DUAL LOGARITHMIC RESIDUES AND 
FREE COMPLETE INTERSECTIONS 



MICHEL GRANGER AND MATHIAS SCHULZE 



Abstract. Wg introduce a dual logarithmic residue map for hypcrsurfacc sin- 
gularities and use it to answer a question of Kyoji Saito. Our result extends 
a theorem of Le and Saito by an algebraic characterization of hypersurfaces 
that are normal crossing in codimension one. For free divisors, we relate the 
latter condition to other natural conditions involving the Jacobian ideal and 
the normalization. This leads to an algebraic characterization of normal cross- 
ing divisors. We suggest a generalization of the notions of logarithmic vector 
fields and freeness for complete intersections. In the case of quasihomogeneous 
complete intersection space curves, we give an explicit description. 
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1. Introduction 

In the landmark paper [SaibU], Kyoji Saito introduced the modules of logarithmic 
differential forms and of logarithmic vector fields along a reduced divisor D in a 
complex manifold S. These algebraic objects contain deep geometric, topological, 
and representation theoretic information on the singularities that is only partly 
understood. 

The notion of freeness of a divisor, defined in terms of these logarithmic mod- 
ules, generalizes that of a normal crossing divisor (see Remark 1.5.(1) below). Free 
divisors can be seen as the opposite extreme of isolated singularities: They have 
maximal, in fact Cohen-Macaulay, singular loci. Classical examples of free divisors 
include discriminants in the deformation theory of singularities (see for instance 
[SaiSO, (3.19)], [L()o84, §6], [vS95]) and reflection arrangements and discriminants 
of Coxeter groups (see [SaiSO, (3.19)], [TcrSOl)]). More recent examples are dis- 
criminants in certain prehomogeneous vector spaces (see [GAlSll]). The freeness 
property is closely related to the complement of the divisor being a K{'!t^ l)-space 
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(see [Sai8(), (1.12)], [Dcl72]), although these two properties are not equivalent (see 
[ER95]). Even in special cases, such as that of hyperplane arrangements, freeness 
is not completely understood. For instance, Terao's conjecture on the combina- 
torial nature of freeness for arrangements is one of the central open problems in 
arrangement theory. 

Another interesting construction based on logarithmic modules has been given 
much less attention: Generalizing classical residue constructions of Poincare and 
Leray, Saito introduced the residue of a logarithmic differential form. Logarithmic 
residues of 1-forms are meromorphic functions on the normalization D of D. In 
contrast, a holomorphic function on D can be considered as a so-called weakly 
holomorphic function on D, that is, a function on the complement of the singular 
locus Sing 13 of D, locally bounded near points of SingD. While any such weakly 
holomorphic function is the residue of some logarithmic 1-form, the image of the 
residue map might be strictly larger than the ring of weakly holomorphic functions. 
The case of equality was related by Le and Saito to a geometric, and to a purely 
topological property. 

Theorem 1.1 (Lc-Saito). Let D be a reduced divisor in a complex manifold S. 
Then the implications (1) <^ (2) =i> (3) hold true for the following statements: 

(1) The local fundamental groups of S\D are Ahelian. 

(2) D is normal crossing in codimension 1. 

(3) The residue of any logarithmic 1-form along D is weakly holomorphic. 

The implications (1) ==> (2) =^ (3) in Theorem 1.1 were obtained by Saito [SaiSO, 
(2.13)]. The implication (1) <;= (2) established by Le and Saito [LSn4] is quite deep: 
it generalizes the Zariski conjecture for nodal curves proved by Fulton [FulSO] and 
Deligne [Del81]. 

While most constructions in Saito's logarithmic theory and its generalizations 
have a dual counterpart (for instance, restriction maps in arrangement theory), a 
notion of a dual logarithmic residue associated to a vector field was not know to 
the authors. The main motivation for this article was to construct such a dual log- 
arithmic residue (see Section 3). This duality turns out to translate condition (3) 
in Theorem 1.1 into the more familiar equality of the Jacobian ideal and the con- 
ductor ideal of a normalization. This will lead to a proof of the missing implication 
in Theorem 1.1. 

Theorem 1.2. The implication (2) <^ (3) in Theorem 1.1 holds true. 

Under the additional hypothesis that D is a free divisor, there are other algebraic 
conditions equivalent to those in Theorem 1.1. 

Theorem 1.3. Extend the list of statements in Theorem 1.1 as follows: 

(4) The Jacobian ideal of D is radical. 

(5) D has a Cohen-Macaulay normalization. 

(6) The Jacobian ideal of D equals the conductor ideal of a normalization. 

(7) D is Euler-homogeneous. 

Then (2) <= (4) (7). If D is a free divisor then (2) ^ (4) ^ ({b) and {Q)). 

This leads to the following algebraic characterization of normal crossing divisors. 

Theorem 1.4. If D is a free divisor with smooth normalization satisfying one of 
the statements (1), (2), (3), (4), or (6) then D is a normal crossing divisor. 
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Remark 1.5. 

(1) Faber [Fal)l l] first studied condition (4) and raised the question whether 
any free divisor with radical Jacobian ideal is a normal crossing divisor. She re- 
duced the problem to the irreducible case and gave a positive answer for special 
cases including plane curves, singularities with Gorenstein Jacobian ideal, and hy- 
perplane arrangements. The implications (2) <^= (4) => (7) in Theorem 1.3 as well 
as ingredients of the proof of Theorem 1.4 are due to Faber. 

(2) Saito [SaiSO, (2.11)] proved Theorem 1.2 for plane curves. If D is holonomic 
in codimension 1, this yields the general case by analytic triviality along logarithmic 
strata (see [SaiSO, §3]). However, for example, the equation xy{x + y){x + yz) = 
defines a well-known free divisor which is not holonomic in codimension 1. 

(3) Saito [Sai80, (2.9) iii) iv)] proved the equivalence of two conditions which 
are stronger than (2) and (3) of Theorem 1.1, respectively: Let Di, . . . , Dk denote 
the local irreducible components of Z? at a point p Cz D. Then, in the strong version 
of (2), self- intersections of Di, . . . , in codimension 1 near p are excluded, while 
in the strong version of (3), the residues are required to be sums of functions 
on Di, . . . , Dk near p, instead of on the corresponding normalizations Di, . . . , D^. 
For example, the Whitney umbrella is irreducible and, in codimension 1, normal 
crossing but not smooth due to self-intersection. However, it is not free and does 
not constitute a counter-example to the question in (1). 

In the last Section 5, we study a natural generalization of freeness for complete 
intersections. We define an analogue of the module of logarithmic vector fields and 
describe it explicitly in the case of homogeneous complete intersection space curves 
(see Proposition 5.5). 

2. Freeness and Jacobian 

In this section, we review Saito's logarithmic modules, the relation of freeness 
and Cohen-Macaulayness of the Jacobian ideal, and the duality of maximal Cohen- 
Macaulay fractional ideals. We switch to a local setup for the remainder of the 
article. 

Let D he a reduced divisor defined by = i^s ' h in the smooth complex 
analytic space germ S ~ (C",0). Recall Saito's definition [SaiSO, §1] of the i^s- 
modules of logarithmic differential forms and of vector fields. We abbreviate Qs 
Derc(^s) =Hom^-,(f)^,€?s). 

Definition 2.1 (Saito). 

BcT{-logD) := {d e Qs \ dh{S) £ J^d} 

These modules are stalks of analogously defined coherent ^g-sheaves which are 
normal: If i : 5\Sing D ^ S denotes the inclusion of the complement of the singular 
locus of D then = ^ for any of the sheaves ^ in Definition 2.1. It follows 

that (5 £ Der(— logZ?) if and only if b is tangent to D at smooth points, and that 
ri^(log£') and Der(— logD) are mutually dual and hence reflexive. 

Definition 2.2. A reduced divisor D is called free if Der(— logD) is a free ffs- 
niodule. 
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In particular, normal crossing divisors are free. By definition, there is an exact 
sequence 

(2.1) < Jd Os < Der(- log D) < 

where the Fitting ideal = is the Jacobian ideal of D. Wc shall 

consider the singular locus Sing D of D equipped with the structure defined by 
^D, that is. 

The following fundamental result is a consequence of the sequence (2.1), the Hilbert- 
Burch theorem (see [Alc88, §1 Thm.] or [TcrSOa, Prop. 2.4]), and the analytic 
triviality lemma [SaiSO, (3.5)]. 

Theorem 2.3. A divisor D is free if and only if it is smooth or SingD is Cohen- 
Macaulay of codimension 1 . □ 

Using a theorem of Scheja [Scii(i4, Satz 5] one deduces the following result. 

Theorem 2.4. Any D is free in codimension 1. □ 

We denote by Q(— ) the total quotient ring. Then := Q{^d) is the ring of 
meromorphic functions on D. 

Definition 2.5. A fractional ideal (on D) is a finite ^£)-submodule of which 
contains a non-zero divisor. 

Lemma 2.6. is a fractional ideal. 

Proof. It follows from the Jacobian criterion, Serre's reducedness criterion, and 
prime avoidance, that contains a non-zero divisor in i^/j. □ 

Corollary 2.7. A singular divisor D is free if and only if it is reduced and _^y) is 
a maximal Cohen-Macaulay module. 

Proof. This follows from Theorem 2.3, Lemma 2.6, and the depth inequalities 

depth(^i5) > min{dcpth(^D),depth(^i5/^i5) + 1}, 
depthi^D/J^D) > min{deptli(^D) - 1, depth(^D)}, 

resulting from the exact sequence 

> Jd > > GdIJd > 0. □ 

Proposition 2.8. The G^-dual of any fractional ideal J' is again a fractional ideal 
J^"^ = {f e J^D \ f -y Q^d}- The duality functor 

=Hom^^(-,^z?) 

reverses inclusions. It is an involution on the class of maximal Cohen- Macaulay 
fractional ideals. 

Proof. See [dJvS90, Prop. (1.7)]. □ 
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3. Dual residues 

In this section, wc develop the dual picture of Saito's residue map and apply it 
to find inclusion relations of certain natural fractional ideals and their duals. 

Let tt: D ^ D denote the normalization of D. Then = := Q{ff j^) and 
fff) is the ring of weakly holomorphic functions on D (see [dJPOO, Exc. 4.4.16.(3), 
Thm. 4.4.15]). Let 

be Saito's residue map [Sai8(), §2] which is defined as follows: By [Sai80, (1.1)], any 
ijj G f2^'(logZ3) can be written as 

3.1 w = — A- + -^. 

h g g 

where ^ G f^^^^, "(] G f^g, and g G 6s restricts to a non-zero divisor in Then 
(3.2) p^(..):=^b 

is well defined by [SaiSO, (2.4)]. We shall abbreviate po '■= p\, and denote by its 
image by 

Md -.^ PD{^\\ogD)). 
Using this notation, condition 3 in Theorem 1.1 becomes & = Mo- 

Example 3.1. 

(1) Let D = {xy = 0} be a normal crossing curve. Then ^ G r2(log£') and 

/ \dx ydixy) 

[X + y) — = da; H ay 

X yx 

shows that 

f dx\ y 

\ X J X + y D 

On the components Di = {x ~ 0} and D2 = {y = 0} of the normalization D = 
Di Y[ D2, this function equals 1 and respectively and is therefore not in ff^. In 
particular, 

since — {x, y) ^ is the maximal ideal in ffjj — G{x, y}/{xy). This observation 
will be generalized in Proposition 3.2. 

(2) Conversely assume that Di ~ {hi = x = 0} and D2 ~ {/12 ~ x + y"' = 0} 
are two smooth irreducible components of D. Consider the logarithmic 1-form 

ydx — mxdy i_^ f dhi dh2^ 
^~ a;(x + y™) 

Its residue p£i(w)|_Di = y^^™\Di has a pole along Di n D2 unless m = 1. Thus, if 
= then D\ and D2 must intersect transversally. 

(3) Assume that D contains D' = Di U D2 U Dj, with Di and D2 as in (1) and 
= \x — y = 0}. Consider the logarithmic 1-form 

' dx dy^ 



^ _ ^ e J7i(log(i?i + D2)) c n'ilogD). 



X ~ y \ X y 



G f^^(logi:'') C n\\ogD). 



Its residue p{uj)\di = ^yloi has a pole along Di n D2 n D3 and hence fff) C 
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Examples (2) and (3) are due to Saito (see [SaiSO, (2.9) iii) iv)]) and will be 
used in the proof of Theorem 1.2. 



By definition, there is a short exact residue sequence 



(3.3) 







->o. 



Applying Hom^g(— , ffs) to (3.3) gives an exact sequence 
(3.4) 

^ Extl (l]i(log^), ^s) ^ ^^tffsi^D, ffs) ^ es ^ Dcr(- logD) ^ 



The right end of this sequence extends to the short exact sequence (2.1) and 
(3.5) -^-Exti,^(-,^s) 
by the change of rings spectral sequence 



(3.6) = Ext?,^ (-, Ext^^^ {&o. ffs)) ^ ExtP//(- 

This motivates the following 

Proposition 3.2. There is an exact sequence 
(3.7) 



0- 



0^ 



Extl {^^ (log D), (?s) < 65 < Der(- log D) ^ 



■0 



such that aD{5){pD{oj)) = dh{5)- pd{^)- In particular, aoi^s) = as fractional 



ideals. Moreover, = S^u as fractional ideals. 

Proof. The spectral sequence (3.6) applied to is associated with 

miome,{nl Q^{logD),h: ffs ^s)- 

Expanding the double complex Hom^g(r2^ ^ ^l^{\ogD),h: - 
the following diagram of long exact sequences: 
(3.8) 





Exti,^ (^B, Gs) ^ Home^ {n^, ffs) ^ Homff^ {Q^ (log D), 

Oh h 

Exti,^ {^Md, ffs) ^ Homffs {n]^, 0s) ^ Hom^fg (p} (log D), 



we obtain 



Honifys (f7^, ^c) <- Hom<?, (^^(log 73), I 



Pd 



0^ 



■ Exti^g {Vl- (log D),es)*r- Ext is-g {Sio , 
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We can define a liomomorphism an from the upper left Hom^^ (^S' ^s) the lower 
right by a diagram chasing process and we find that 5 £ 8s = Hom^g (fi^, ffs) 
maps to 

aD{6)^{h5,p-^\-))\De^l 
and that (3.7) is exact. By comparison with the spectral sequence, we can check 
that a is the change of rings isomorphism (3.5) applied to ^d, and that a o 
coincides with the connecting homomorphism of the top row of the diagram, which 
is the same as the one in (3.4). 

Let pd{'-^) G •^n where w G Vl^{\ogD). Following the definition of po in (3.2), 
we write lo in the form (3.1). Then we compute 



(Jd{5){pd{^^)) = 



(3.9) 



{h5,^)\D^dh{S)-^D 
9 



9 



dh{5) ■ pd{^) 



which proves the first two claims. 

For the last claim, we consider the diagram dual to (3.8): 











Hom^y^ {Qs, ffs) ^ Hom^ys (Der(- log D), ffs) -> ExtJ,, {fo, 



-¥ Homes (©s, ffs) -> nomff^ (Der(- log D), Gs) Exti,^ {^d, ffs) 



> ) Hom^s(es, ffo) ^ Hom^s(Der(- logL>), ffo) 



-^0 



Exti,s(^D,^s) 

As before, we construct a homomorphism p'^ from the upper right Hom^g (Der(— log D), ffs) 
to the lower left such that /3 o p'^ coincides with the connecting homomorphism 
of the top row of the diagram, where /3 is the change of rings isomorphism (3.5) 
applied to ^d- By the diagram, w € ^"^{XogD) = Hom^s(Der(— logD), 0s) maps 
to 

p'o{^) = {hu,dh-H-))\De 

which gives an exact sequence 



(3.10) 



0- 



-^9}s >Vl^{\ogD) 



Pd 



->0 



similar to the sequence (3.3). Using (3.1) and (3.9), we compute 

p'i,{u){5{h)) = p'j,{u){dh{5)) = {hu, 5)\d = pdH ■ dh{5) = pd{^) ■ S{h) 

for any 6{h) G where 6 G 8s. Hence, p'jj ~ Pd and the last claim follows using 
(3.3) and (3.10). □ 



Corollary 3.3. (17^^)^ = 
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Proof. Let be the complex of regular differential forms on D. By [AIc90, §4 
Thm.] and [Bar78, Prop. 3], 

^d=cjI= Hom^^(^]^^ 1,^2.^1) - llomff^{ni-\uD) - (^iS"')'' 

and Proposition 3.2 yields the claim. □ 



Corollary 3.4. There is a chain of fractional ideals 



in where '^d = is the conductor ideal of -k . In particular, ^^^d- 

Proof. By Lemma 2.6, is a fractional ideal contained in by Proposition 3.2. 
By [SaiSO, (2. 7), (2. 8)], is a finite ^^-module containing ffj^ and hence a frac- 
tional ideal. The remaining inclusions and fractional ideals are then obtained using 
Proposition 2.8. □ 

Corollary 3.5. If D is free then = as fractional ideals. 

Proof. This follows from Corollary 2.7 and Propositions 2.8 and 3.2. □ 

Corollary 3.6. // D is free then Sin — ^ q if and only if = and D is 
Cohen-Macaulay. 

Proof. This follows from Proposition 2.8 and 3.2, Corollary 3.5, and — i^^. □ 

4. Le~Saito theorem 

In this section, we prove the missing implication in the Le-Saito Theorem 1.1. 
We begin with some general preparations. 

Lemma 4.1. Any map 0: Y ^ X of analytic germs with ^^y^^^ = is an immer- 
sion. 

Proof. The map (j) can be embedded in a map $ of smooth analytic germs: 

yC 




Setting $i ~ a;.; o $ and (pi = <f>i + for coordinates xi, . . . , x„ on S" and J^y the 
defining ideal of Y in T, we can write $ = ($i, . . . , $„) and cj) = (0i , . . . , and 
hence 

We may choose T of minimal dimension so that ^ iTi^ and hence dJ^Y ^ vxt^t- 
Now (4.1) and the hypothesis ^y/x ~ ^ show that il^ = '}2^=i ^rd^i + rar^T 
which implies that fi^ = J27=i ^rd^i by Nakayama's lemma. But then $ and 
hence (/> is a closed embedding as claimed. □ 

Lemma 4.2. // ~ and D is smooth then D has smooth irreducible com- 
ponents. 
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Proof. By definition, the ramification ideal of tt is the Fitting ideal = (^h/o 
By [Pic79] and our hypotheses, we have 

(4.2) ^jjM^^ -To ^5 - . 

This implies = ^f) by Nakayama's lemma, and hence ^^}=,y^ = 0. 

Since D is normal, irreducible and connected components coincide. By localiza- 
tion to a connected component Di of D and base change to Dj = Tr{Di) (see [Har77, 
Ch. II, Prop. 8.2A]), we obtain 17^ = 0. Then Di — > Di is an immersion by 

Lemma 4.1 and hence Di ~ Di is smooth. □ 



We are now ready to prove our main results. 



Proof of Theorem 1.2. In codimcnsion 1, D is free by Theorem 2.4 and hence = 
"^D by Corollary 3.6 and our hypothesis. Moreover, D is smooth in codimcnsion 
1 by normality. Therefore, the local irreducible components of D in codimension 
1 are smooth by Lemma 4.2. Finally, the claim follows by [SaiSO, (2.9) iii) => iv)] 
(see Examples 3.1.(2) and 3.1.(3)), or by [SaiSO, (2.11)] applied in a transversal 
slice. □ 



Proof of Theorem 1.3. By the Briangon-Skoda theorem, (4) => (7) and the analytic 
triviality lemma [SaiSO, (3.5)] applied to at smooth points of Sing D yields (2) 
(4) (see [Fabll]). 

Now assume that D is free and normal crossing in codimcnsion 1. By the first 
assumption and Theorem 2.3, SingZ? is Cohen-Macaulay of codimension 1 and, in 
particular, satisfies Serre's condition 5*1. By the second assumption, SingD also 
satisfies Serre's condition Rq. Then SingD is reduced, and hence is radical, 
by Serre's reducedness criterion. This proves (2) ^ (4) for free D. 

The last equivalence then follows from Theorems 1.1 and 1.2 and Corollary 3.6. 

□ 



Proof of Theorem 1.^. By Theorems 1.1, 1.2, and 1.3, we may assume that = 
%i. Then Lemma 4.2 shows that the irreducible components Di = {hi = 0}, 
i = 1, . . . , m, oi D are smooth, and hence normal. It follows that 

m m 

i=l i=l 

By [SaiSO, (2.9) iii) ^ i)], this is equivalent to 

n\iogD) = f2i?s^ + nl 

On the other hand, Saito's criterion [SaiSO, (1.8) i)] for frecness of D reads 

n 

/\n\\ogD} = n-siD). 

By the implicit function theorem, hi, ... , hm is then part of a coordinate system 
(see [Fabll]). □ 
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5. Complete intersections 

In this section, we suggest a notion of freeness for complete intersections and 
study it in the case of homogeneous complete intersection space curves. We also 
indicate a direction for generalizing the results in Section 3 to the complete inter- 
section case. 

Let C = Di n ■ ■ ■ n Dk, Di = {hi = 0}, be a reduced complete intersection in 
S with normalization tt: C — >■ C. We set D = Di U • • • U Dk, h = hi ■ ■ ■ hk, and 
dh = dhi A • • • A dhk- Then the analogue of (2.1) reads 

(5.1) 0^ Jc^^Qs< Der'^(-logC) < 

where 9| :~ A*^ ^-nd Der'^(— logC) is defined by the sequence. Theorem 2.3 
leads to the following natural generalization of freeness. 

Definition 5.1. We call a complete intersection C free if it is smooth or if SingC 
is Cohen-Macaulay of codimension 1. 

In particular, any reduced complete intersection curve is trivially free. As in 
Corollary 2.7, a singular complete intersection C is free if and only if it is reduced 
and is maximal Cohen-Macaulay. Thus, by (5.1), C is free if and only if it is 
reduced and pd Der'^(— log C) < fc, generalizing the divisor case fc = 1. 

Proposition 5.2. Let cjj be the complex of regular differential forms on C . Then 
Dcr'=(-logC) can he identified with the kernel of the natural map fi^ ^ lo^ ^ . 

Proof. By [Bar78, Lem. 4], there is an isomorphism 

(5.2) ^g-fc^4Ext^^(^c,f^§)- 

The latter is the dualizing module (see [HarGG, Ch. Ill, Prop. 7.2]) 

k 

Ext^^ (^c, f^'s) = Hom^,, (/\ Jcl-^h^ ^1 ® ^c) = ®es ^c/s = ^c- 

Using a logarithmic Cech complex resolving ^c{D), it can also be represented as 

OJC = Gc ®Os ^si^) - ^c- 
Thus, (5.2) reduces the claim to identifying Der*''(— logC) with the kernel of 

But identifying flg^'' ~ 6|, this is just the definition of Der'^(- log C) in (5.1). □ 

There are two natural ways of producing elements of Der'^(— logC): 

(5.3) Der(-logi:») (g>ff, e|"^ ^ Der'^(- log C), 

(5.4) d/i,: 6^+^ ^ Der''(-logC). 

Lemma 5.3. Let C be a reduced quasihomogeneous complete intersection space 
curve defined by f,g e if's, quasihomogeneous of degrees r,s with respect to the 
weights a,b,c on the variables x,y,z. Then we have a resolution 

> &s — ^ &s — ^ > ^SingC > 
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K 



9 


fy9z 


- fzgy 


fzgx - 


- fxgz 


fxgy 




( 





-rg^ 


-rgy 


-rgz\ 










sfx 


sfy 


Sfz 




rgx 


-Sfx 





~cz 


by 




rgy 


-Sfy 


cz 









\rgz 


-Sfz 


-by 


ax 


; 



Proof. This follows from the description of codimension 3 Gorenstein algebras 
in terms of Pfafhans of skew-symmetric matrices due to Buchsbaum and Eisen- 
bud [BE<SL>]. □ 

Remark 5.4. In particular, Lemma 5.3 shows that SingC is Gorenstein, which is 
well-known (see [KW84]). 

Proposition 5.5. Let C be a reduced quasihomogeneous complete intersection space 
curve defined by f,g G ffs, quasihomogeneous of degrees r,s with respect to the 
weights a^b,c on the variables x,y,z. Then we have a resolution 

(5.5) >£?|— ^^I^^Der^(-logC) >Q 

where 



K' = 



f g fygz - fzgy fzgx - fxgz fxgy ~ fyg, 

ax by cz 

frgx -sf^ -cz by 
J' = fgy ^sfy cz —ax 
\rgz -sfz -by ax 

In particular, Der^(— logC) is generated by the images of the maps (5.3) and (5.4). 

Proof. Surjectivity of J' and J' o K' = follow immediately from Lemma 5.3. The 
columns of J' correspond to 

(5.6) rdg{dj: A dy A d^), -sdf{d.j; A dy A d^), x/\dx, X^dy, X A 9^, 

where x = axd^ + bydy -f czdz S Dcr(— log D) is the Euler vector field. This proves 
the last claim. Wedging the elements in (5.6) with x gives 

rsg ■ dr^Ady A d^, -rsf ■ A dy A d^, 0, 0, 0. 

Then using the first column of K' reduces any relation of the columns of J' to 
a relation of the last 3 columns of J', which is clearly in the span of the second 
row of K'. This proves exactness of (5.5) in the middle, and injectivity of K' is 
obvious. □ 

Remark 5.6. Recalling the proof of Lemma 5.3, the Buchsbaum-Eisenbud theorem 
plays the role of a kind of Saito criterion in the situation of Proposition 5.5. 

Example 5.7. For the non- reduced homogeneous complete intersection 

C = {xz -y^ ^y^ - z^ = z'^ -w^ 0}, 

Der'^(— logC) is not generated by the images of the maps in (5.3) and (5.4). 
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There is the following generalization of the first part of Definition 2.1 due to 
Aleksandrov and Tsikh [ATOl, Def. 2.2]. We set i), = Di U • ■ • U 15^ U ■ • • U and 
abbreviate fj^ = J^i 

Definition 5.8 ( Aleksandrov-Tsikh) . 

np(iogC) = {w G n^i^D) \ yj ^i,...,k: hjLo € n^, hjdco e f^^+^j 

As opposed to what the notation suggests, these modules depend on D. Alek- 
sandrov and Tsikh [ATOl, Thm. 2.4] construct a generalized residue sequence 

(5.7) > fi| > f^'=(iogC) -^^c = (f^r'^T > 

where and pc p% are formally defined as in (3.1) and (3.2), but with 77 6 17^. 
Proposition 5.9. ff^ C 

Proof. This can be proved as in [SaiSO, (2.8)] using [Tsi87, Thm. 1]. □ 

Dualizing (5.7) and applying the change of rings spectral sequence (3.6) with 
ffo replaced by 0c, yields an exact complex 
(5.8) 

^ Ext^^. {n\\og c), ^5) ^ ^ e| ^ Ext^;i(r!'=(iog c),0s)^o 

analogous to (3.7). How to generalize our arguments in Section 3 is unclear however. 

Acknowledgments 

We are grateful to David Mond and Eleonore Faber for helpful discussions and 
comments. The foundation for this paper was laid during a "Research in Pairs" 
stay at the "Mathcmatischcs Forschungsinstitut Obcrwolfach" in summer 2011. 

References 

[Alc88] A. G. Aleksandrov, Nonisolated Saito singularities, Mat. Sb. (N.S.) 137(179) (1988), 

no. 4, 554-567, 576. MR 981525 (90b:32024) 2 
[AleQO] , Nonisolated hypersurface singularities, Theory of singularities and its applica- 
tions, Adv. Soviet Math., vol. 1, Amer. Math. Soc., Providence, RI, 1990, pp. 211-246. 

MR 1089679 (92b:32039) 3 
[ATOl] Alcksandr G. Aleksandrov and Avgust K. Tsikh, Theorie des residus de Leray et formes 

de Barlet sur une intersection complete singuliere, C. R. Acad. Sci. Paris Ser. I Math. 

333 (2001), no. 11, 973-978. MR 1872457 (2002m:32004) 5, 5 
[Bar 78] Daniel Barlet, Le faisceau ui'-^ sur un espace analytique X de dimension pure, Fonctions 

de plusieurs variables complexes. III (Sem. Frangois Norguet, 1975—1977), Lecture Notes 

in Math., vol. 670, Springer, Berhn, 1978, pp. 187-204. MR 521919 (80i:32037) 3, 5 
[BE82] David A. Buchsbaum and David Eisenbud, Gorenstein ideals of height 3, Seminar 

D. Eisenbud/B. Singh/W. Vogel, Vol. 2, Teubner-Texte zur Math., vol. 48, Tcubner, 

Leipzig, 1982, pp. 30-48. MR 686456 (841:13017) 5 
[Del72] Pierre Deligne, Les immeubles des groupes de tresses generalises, Invent. Math. 17 

(1972), 273-302. MR 0422673 (54 #10659) 1 
[Del81] , Le groupe fondamental du complement d'une courbe plane n' ay ant que des 

points doubles ordinaires est abelien (d'apres W. Fulton), Bourbaki Seminar, Vol. 

1979/80, Lecture Notes in Math., vol. 842, Springer, BerUn, 1981, pp. 1-10. MR 636513 

(831:14026) 1 

[dJPOO] Theo de Jong and Gerhard Pfister, Local analytic geometry. Advanced Lectures in Math- 
ematics, Friodr. Vieweg & Sohn, Braunschweig, 2000, Basic theory and applications. 
MR 1760953 (2001c:32001) 3 



DUAL LOGARITHMIC RESIDUES 



13 



[dJvS90] T. de Jong and D. van Straten, Deformations of the normalization of hyper surf aces, 
Math. Ann. 288 (1990), no. 3, 527-547. MR MR1079877 (92d:32050) 2 

[ER95] Paul H. Edelman and Victor Reiner, Not all free arrangements are K{it, 1), Bull. Amer. 
Math. See. (N.S.) 32 (1995), no. 1, 61-65. MR 1273396 (95g:52017) 1 

[Fabll] Eleonore Faber, Normal crossings in local analytic geometry, Ph.D. thesis, Univorsitat 
Wien, 2011. 1, 4 

[FulSO] William Fulton, On the fundamental group of the complement of a node curve, Ann. of 
Math. (2) 111 (1980), no. 2, 407-409. MR 569076 (82e:14035) 1 

[GMSll] Michel Granger, David Mond, and Mathias Schulze, Free divisors in prehomogeneous 
vector spaces, Proc. Lond. Math. Soc. (3) 102 (2011), no. 5, 923-950. MR 2795728 1 

[Har66] Robin Hartshorne, Residues and duality. Lecture notes of a seminar on the work of 
A. Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture 
Notes in Mathematics, No. 20, Springer- Verlag, Berlin, 1966. MR 0222093 (36 #5145) 
5 

[Har77] , Algebraic geometry. Springer- Verlag, New York, 1977, Graduate Texts in Math- 
ematics, No. 52. MR MR0463157 (57 #3116) 4 

[KW84] Ernst Kunz and Rolf Waldi, Uber den Derivationenmodul und das Jacobi-Ideal von 
Kurvensingularitdten, Math. Z. 187 (1984), no. 1, 105-123. MR 753425 (85j:14033) 5.4 

[Loo84] E. J. N. Looijenga, Isolated singular points on complete intersections, London Mathe- 
matical Society Lecture Note Series, vol. 77, Cambridge University Press, Cambridge, 
1984. MR MR747303 (86a:32021) 1 

[LS84] Le Diing Trang and Kyoji Saito, The local tti of the complement of a hypersurface 
with normal crossings in codimension 1 is abelian, Ark. Mat. 22 (1984), no. 1, 1-24. 
MR 735874 (86a:32019) 1 

[Pic79] Ragni Piene, Ideals associated to a desingularization. Algebraic geometry (Proc. Sum- 
mer Meeting, Univ. Copenhagen, Copenhagen, 1978), Lecture Notes in Math., vol. 732, 
Springer, Berlin, 1979, pp. 503-517. MR 555713 (81a:14001) 4 

[Sai80] Kyoji Saito, Theory of logarithmic differential forms and logarithmic vector fields, 
J. Fac. Sci. Univ. Tokyo Sect. lA Math. 27 (1980), no. 2, 265-291. MR MR586450 
(83h:32023) 1, 1, 2, 3, 2, 2, 3, 3, 3.1, 3, 4, 5 

[Sch64] Giinter Scheja, Fortsetzungssdtze der komplex-analytischen Cohomologie und ihre al- 
gebraische Charakterisierung, Math. Ann. 157 (1964), 75-94. MR 0176466 (31 #738) 
2 

[Ter80a] Hiroaki Terao, Arrangements of hyperplanes and their freeness. I, J. Fac. Sci. Univ. 

Tokyo Sect. lA Math. 27 (1980), no. 2, 293-312. MR MR586451 (84i:32016a) 2 
[Ter80b] , Free arrangements of hyperplanes and unitary reflection groups, Proc. Japan 

Acad. Ser. A Math. Sci. 56 (1980), no. 8, 389-392. MR 596011 (82e;32018a) 1 
[Tsi87] A. K. Tsikh, Weakly holomorphic functions on complete intersections, their holomor- 

phic continuation. Mat. Sb. (N.S.) 133(175) (1987), no. 4, 429-445, 559. MR 911801 

(89b:32018) 5 

[vS95] D. van Straten, A note on the discriminant of a space curve, Manuscripta Math. 87 
(1995), no. 2, 167-177. MR MR1334939 (96e:32032) 1 



M. Granger, Universite d'Angers, Departement de Mathematiques, LAREMA, CNRS 
UMR N°6093, 2 Bd Lavoisier, 49045 Angers, France 
E-mail address: grangerOuiiiv-angers.fr 

M. Schulze, Department of Mathematics, Oklahoma State University, Stillwater, 
OK 74078, United States 

E-mail address: inschulze@math.okstate.edu 



